Numerical Methods for Hyperbolic Conservation Laws
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1 Theory of One-Dimensional Scalar Conservation Laws

u+ f(u)e=0, (1)

where v is a function of z and ¢.

is the integral form of (1).

b
[ ude= 5.0 - futa.0)

Ut + f(u)m,
{ u(x,0) =u’(). 2)



2 SEcTION 1

Characteristics: Define a function z(t) by

{ 420 _ prua(r), b)),
2(0) = x.

Then
du(z(t),t)
dt
So u(z(t),t) =u(x(0),0) =u’(zo).
All that holds under the assumption that we have a smooth solution. Which we don’t. :(
Consider Burgers’ Equation:

=u, ' (t) +ur=ugf'(u(z(t),t) + us= f(u), +u=0.

’U.2 _
“f+(7)f0’ (3)
u(x,0) =sin(z).
Consider the characteristics at w/2 and 37/2. — They intersect and propagate different values, so the

above theory breaks down. = There is no global (in z and ¢) solution to (3). The concept of “weak solu-
tion” helps us out now. Reconsider the integral form:

b
%A u(z, t)de = f(u(a,t)) — f(u(d,t)) n

For C* solutions, (1)< (4). Attempts at defining weak solutions:

e If u satisfies (4) for almost all (a, b) then in wu is called a weak solution to (1). (physically mean-
ingful, correct)

e If for any ¢ € C}(IR?),

[T wpr+ fuypndadi— [ uda)ela, 0)da =0,
L |-

then in v is called a weak solution to (1). (more meaningful mathematically-motivated by multipli-
cation by test function and integration by parts.)

It turns out the two are equivalent. (Not proven here.) Now, assume a solution that has two C' segments

separated by a curve on which no regularity is demanded of w.
Then

d b
0 = a ., u(x,t)dx—l—f(u(b,t))—f(u(a,t))

d x(t) b
=5 / u(x,t)d:t—i—/ u(z,t)dx
t a z(t)
b

ug(z, t)dz —u(z(tT), t)z'(t) +/(t) ug(z,t) + f(u(b, b)) — f(u(a,t))

b
) " f(u)eda + f(u(b, 1)) — f(u(a, 1))

= w(z(t7), )a'(t) = flu(@(t™), 1) + f(ula, 1)) — u(z(t?), )x'(t) = f(ub, 1)) = flulz(@tT), 1) + f(ulb,
(
)

+ f(u(bv t)) - f(u(avt))

Now use the shorthand

and write

Now distinguish two cases:

e u~ =ut: This is fine.
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e u~ #ut: We get the Rankine-Hugoniot jump condition:
iy = S = fu7)
T (t) - ut —u—

If u is piecewise C' and is discontinuous only along isoated curves, and if u satisfies the PDE when it is
C', and the Rankine-Hugoniot (RH) condition along all discontinuous cruves, then u is a weak solution of

(1).

Example 1. Consider the following Riemann problem:

o (5), -

x <0,
((E 0) { -1 x>0.
The IC is just propagated in time to form a weak solution. (a shock)

Example 2. Now flip the initial conditions:

w?

w(@,0)={ " 750

The propagated ICs also form a weak solution. But consider
-1 z<—1t,
u(z,t)=< z/t —t<z<t,
1 x>t

This is also a weak solution. (a rarefaction wave)

Oops. So, we need a third category of solutions, called entropy solutions, where neither uniqueness nor
existence poses a big problem. Consider adding an artificial viscosity:

ui + f(u)e = cuz o
with a very small 0 <e < 1.
Then we would wish to define an entropy solution as

lim wf(x,t) =u(x,t)

e—0

in some norm. In fact, this is the entropy solution.
Pick a function U(u) called the entropy function if U”(u) > 0, i.e. if it is convex. Then multiply the
conservation law with viscosity by U’(uf):

U'(u)(ui + f(u%)e) = eU'(u)ug o
U(u)¢+ F(u®), e[ (U (u)ug)e — U (uf) (uz)?]
U(w?)e+ F(uf)e < e(U'(u%)ug)s

where
F(U):/ U) f'lu)dv = F'(u)=U"(u) f'(u).

To support our argument as € — 0, once again take a test function ¢ € C3(R x RT), ¢ >0.

/ / W)+ F(uf)y) g da dt / / ) ol dt
:>/ / u®)pr+ F(uf)p, dzdt / / uf)ufp da dt
/ / 0 g oz dt

N

WV



DCT allows taking the limit. We get the entropy inequality

/ / w)pr+ F(u)p, dedt > 0.
Homework #1:

e On a domain [0, 2], with periodic BCs, consider
u2
(5, =
u(z,0) zé—i—sin;v

Find the maximum 7* such that u(z,t) € C* for t <T*.

SEcTION 1

e Write a code to solve for u when ¢t < T*. (Hint: Look for equation implicitly defining u, maybe use

Newton’s method). Test the code for (0.1,0.1), (1,0.08), (m,0.09).

Definition 3. A conservation law is called genuinely nonlinear iff f”(u) # 0. If f"(u) >

convex, if f”(u) <0 it is called concave.

0, it is called

Shocks must appear for genuinely nonlinear conservation laws under periodic or compactly supported

initial conditions.

Consider a box containing the support of a test function ¢ € C°(IR x RT) and let u(z, t) be piecewise

C! with one discontinuity along (t,z(t)).

9

i

T

'
|

Figure 1.

Then consider

0 < / / )+ F(u)p,)dedt

(UF

7 \/ o) T2

1+

|
/F ' (t)U(u () (U) ds /ngx’(t)U(W)—F(W)ds
/ T

We obtain

') U (u™) = Uu")) = (F(u™) = F(u)) <0.

If we introduce the notation [f]:= f(u*) — f(u™), then this condition becomes

«'(O)[U] = [F].

/ / got—i—F )Py dxdt—/ / w)ps+ F(u)py)dadt
()

/w(t) t+F( ) )wdxdt_/m, @(U(u),F(u))'nds_/

Uu™) =U(u*) = (F(u”) = F(u™))]ds.
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Oleinik entropy condition: For all u between u~ and u™, we need to have

F) = ) |y L) = ()

u—u" N u—ut
S

)

where s is the shock speed, known from the Rankine-Hugoniot condition.
Lazx’s entropy condition:

fu=)>s> f'(u?).

Figure 2. Illustration of Lax’s entropy condition. Characteristics are going “into” shocks.

It is easy to see that the Oleinik condition implies Lax’s condition. Unfortunately, the converse does
not hold. Lax’s entropy condition does not guarantee uniqueness—but it is a necessary condition. However,
if f”(u) Z 0 uniformly (i.e. the conservation law is genuinely nonlinear), then Lax’s entropy condition is
sufficient for u to be the entropy solution.

For f’(u) >0, Lax’s condition becomes even simpler. Consider

£y s =L pa)

and note that f’(u) is monotonically increasing, such that the middle part is automatically satisfied.
Thus, Lax’s condition becomes

f'w™) = f'(wh).

I.e. looking towards the right, we can only jump down.

Theorem 4. The solutions to

uf(z,0) =u’(z)

{ u§ + (), =eus 4,

are L'-contractive. Le. let v° be the solution of

Vi + f(v%)a=evg 4,
ve(z,0) =0%(z).
Then

lus(-,t) —ve(- 7t)||L1 < HuO—UOHLl.

Proof. We need to show
d oo
> e —0F .
o/dt/ u(z, t) — v¥(z, t)|dz

— o0
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ilr1/2

Figure 3.

Let s; be the sign of u® —v® on I; and consider, using Leibniz’s rule, the following:

d

-y sj<t>[u8<xj+1/2<t>,t> _va@m/g(t),@]x;H/Q@

0

- Sj(t)[us(fﬂjﬂ/z(t),t) —vs(xm/z(w,t)]x;-H/Q(t)
R

+ /1””2 o (8) (u () — v¥(x, 1)) da

+/1H1/2 si(t)(ui(z,t) —vi(z,t))dz

i—1/2
= Y [ s - it s
T
- Z/ T SO = P )e + et o, t) + F5 (2, 1))s — 0 ol ) da
1 Tj—1/2

0

::E: Sﬂﬂ{—ﬂfﬁﬁumwin+f@%%'Uﬂﬁﬂ)+ﬂ“@ﬁuﬂ@iﬁ—f@%%'Uﬂmﬂ) +
e[

_Ug(ijl/Q(t),t)— +U;(I]1/2(t),t)}}

< 0.

To see why the orange and blue parts together each are > 0, just look at what’s happening at the
Tjt1/2- 0

The entropy solution has a non-increasing total variation.

TV(u):= sup/

h

u(x+h) —u(x)

0 dx.

TV (u(-,t)) <TV(uO),

because ...7
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2 Numerics

Consider
Ug + (%)i =0
u(z,0)= é i;g’
The entropy solution is
1
1 x<=t,
u(x,t)= = 2

Note also that the analytic solution satisfies a mazimum principle, i.e.

min v%(x) <u(é,t) <maxu’(x).
x x

Remember for u; +au, =0, we wrote down an upwind scheme:

Tt =

J j—a

ull —u?_q).

t
AW

Let’s write a direct generalization, for the (equivalent...?) PDE wu +wug =0:

n n n
J (e A B

But for j#0, u$—uj_; =0, and for j=0, u}=0. Altogether,

n n At
ui = uf ( 1)-

=y
’U,j =uy.

Bad.
Definition 5. A scheme to solve conservation laws is called conservative iff it can be written as

n n AT 2
jH:Uj—E fj+1/2—fj71/2}

u
where f 18
1. Lipschitz continuous,

2. f(u,-,u)= f(u) (consistency).

Theorem 6. (Lax-Wendroff) If the solution {u}} to a conservative scheme converges (as At, Az —0)
boundedly a.e. to a function u(x,t), then u is a weak solution of the conservation law.

Proof. Let ¢} = ¢(z;,t") for ¢ € C5. Then

wh Tl

0 - 3 Z( - uj +fj+1/2A_xfj_l/2>(p?A$At
w3

n n—1 n n
@_Sﬁ n v __ TN
= —E E ( 2 Atj uj—|-% Ai] 1fj+1/2>Aa:At

J
DCT,Conservativit o0 o0
— v / / (oru+ @ f (u))dzdt =0.
0 — o0

Remark 7. Above, we used partial summation:

J2 J2
> ajbi—bj-1) ==Y (ajr1—a;)b;—azb; 1+ azb,

J=Jj1 Jj=i
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2.1 Examples of conservative schemes

2.1.1 The Godunov Scheme

The Godunov scheme for the conservation law

{ u+ f(u)y=0,

u(x,0) =ul(z
was derived from the fact that the Riemann problem

Ut"’f(u)wzoa
’U,(JJ,O):{ u <0,

Ur =20

can be solved exactly. Fzample: (see above) For Burgers’ Equation, we get

u r<st,
{uT r>st, Uy > U,
U(I, t) == uy x <ut,
z/t wt<e <upt, U <Up,

Uy T = Upt,

where

17 2 2
flur) = flw) _ glur —ui]

Upr — U Upr — U

S =

:%(ul—l—ur).

The same technique would work for all convex (f”(u) > 0) or concave conservation laws. (Also cf. book by
Toro-500 pages of Riemann solutions.) Note that conservation laws have finite propagation speed. Sup-
pose we choose a scheme where we consider the solution constant in each cell (Conceptually, imagine that
this value w; is the cell average of cell I;~this is also how you arrive at @.) If we choose Az and At such
that

max | f/(u)|At < Az,

then in a sequence of cells (A, B, C, D, E), then the solution in cell C' in the next timestep is not influ-
enced at all by the solution in cells A and E. Thus we only need to solve a Riemann problem at each cell

interface and we're done. Then
ez
/ / (ut+ f(u)g)dzdt = 0
t’Vl €T

ji—1/2

tn+1 tn+1

1 Tjt+1/2 1 1 Ti+1/2 1 1
utldy — — u"d:v—i——/ f(ujJrl/g)d:v—E fluj_1/2)dz = 0.
t’n.

Az Ax At Jyn

Tj_1/2 Tj—1/2

Now consider that for the Riemann solution u(x,t) is a function of only one variable £ = z/t. In fact, the
substitution

8

= auw,

Sl

= at.

leaves the PDE and the Riemann ICs invariant. (This is also called self-similarity.) Thus u is constant
along x =z ;41/2, making the last two integrals trivial. The Godunov scheme can then be written as

0} =)~ 8 (Jluars) = F5-172)

This is a conservative scheme because the flux f (ug, u?_H) depends on the right values (and Lipschitz con-
tinuity holds as well, but is a bit tricky to prove.) The numerical flux of the Godunov scheme can be
written as
P B fu) wj<uji,
i+i/2 MmaXy;<uu;41 f(u) Uj 2 Uji1



NuUMERICS 9

2.1.2 The Lax-Friedrichs Scheme
The numerical flux here is
5 1
Fira2=5f (ug) + fuge1) — alujrn —uy)l,
where oo =max,, | f'(u)].
2.1.3 The local Lax-Friedrichs Scheme
The numerical flux here is
- 1
fit12= i[f(uj) + fuj1) — oprpo(ujin —uj) ],
where ajy1/2 = max(y;,u,, ) |f'(u)| (where we note that (u;, u;i1) is meant as a non-empty interval no
matter which end of the interval is greater).
2.1.4 Roe Scheme

The numerical flux here is
Footrne fluz)  aj41/220,
TR f(uji) aj412<0,
where
. flujr) = f(uy)
! Ujp1— U
is the speed of the solution as given by the RHC.

2.1.5 Engquist-Osher Scheme

The numerical flux here is
Fivr2=f(ug) + f~(ujq),

where
Frw) = [ max (. 00w+ £(0)
) = [ min (). 00
2.1.6 Lax-Wendroff Scheme
Consider
w = — fu)

Uy = = f(w)er=—(fw))e=—(f(Wu)e = (f'(u) f(t)2)a-
The general idea is:
e Repeatedly replace time by space derivatives by using the PDE,
e Discretize space derivatives by (2nd order central) FD formulae.

Derivation:

At?
u"th = u"+ Atup + —-upy

2
2
= A ) S () F())s
u ) — Flu 2 uy ) — Fu
u?Jrl _ u? _ Atf( J+1)2A£( J 1) + ATt f’(u?H/z)f( JJrlia7 f( J) _
fl(u?_1/2)—f(Uj _A];(Uj_l) /Aw,
where

n n
n 7117 +’Lbj+1
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The numerical flux becomes

Franjo=g[ Fus) + F50) = M (o) (Flagen) = F()],

where
At

A - E-
2.1.7 MacCormack Scheme
The idea behind MacCormack is of the “predictor-corrector” sort.
n+1/2 n n n
i =l A ()~ fu-0),

n 1 n n+1/2 n+1/2 n+l/2
= §u»—|—U»+/ A FfE) = ff )

The numerical flux is a bit ugly:

5 1

Firay2=glf (ug) + fug = A(f (ug) = f(uj-1)))]
Homework #2:

1. Code the Godunov and Lax-Friedrichs scheme for solving a Riemann problem of Burgers’ Equa-
tion. Test the code with

a) uy=1, u,=—0.5.
b) wy=-0.5, u,=1
using N =160 points equally spaced. Show the solution graphically along with the exact solution.
2. Find the formula for the entropy solution of

{ Ut"’f(u)z:ov

u(w, 0)={ 1 150
where f"(u) > 0.

3. Show that the Godunov flux and the Roe flux are both Lipschitz-continuous.

Definition 8. A scheme

1 . .
wi ™ = uf = A (uj—ps e W) = F(Wmp—1, e Ujrg—1))
= G(’U,j,p,h ceey ’UJjJrq)
is called a montone scheme if G is a monotonically nondecreasing function G(1,71,...,T) of each argument.

In the special case of 3-point schemes

flug,ujvn)

the scheme is a monotone if f(7,]) plus a restriction on A:

G(uj—1,uj,ujr1) =uj— A[f (uj, ujp1) — fuj—1,u5)]

Clearly, if f(T, 1), then G(1,7,1). To clean up the second argument, consider

G s
Wzl—)\[fl—fz]>0-
J >0
It A(f, — /o) <1, then G(1,7,1).
Examples: The Lax-Friedrichs flux is monotone:
5 1
FE(ug ugp0) = Sl (g) + f(uj—1) —alujri—uy)] for a=max|f(u)],
A 1
JET = S +al 20,
A 1
2" = S (1) +a] <0

[\)



NuMERICS

Theorem 9. Good properties of monotone schemes:
1. u;<vj for all j (‘u<v”) implies G(u); < G(v); for all j.
2. Local maximum principle:

min u; < G(u); < max Uj.
i€ stencil around j i€ stencil around j

3. Ll-contraction: (this was already obtained for the PDE)
1G(u) = G(V)|| 2 < [lu—v]|.
4. This immediately implies the Total Variation Diminishing (TVD) property:
1G(W)lgy < llullgy-

Proof. 1 is just the definition.
2. Fix j. Take

v, — § MaXkestencilarond i Uk if ¢ € stencil around 7,
¢ U; otherwise.

Then clearly u; <w; for all 4, so that

G(u); <G)j=v,= max Uj.

i€stencil around j

Other way around runs in an analogous fashion.

3. Define
aVb=max(a,b), aAb=min(a,b), at=aA0, a~=aVO0.
Then let
wjr=u;Voj=vj+ (u;—v;) " (*)
We have

by property 1. Then

0 V7,
Gluw); = Gw); > { Gluy) — Gloy) ¥
Thus
G(w); —G(v); = (G(u); - G(U)J)+
Therefore

S (G- Gt < 3 (Gw); - G), 2 S wy—0,E S (uy— )

J J J J

because we are treating a conservation law, meaning
n+1__ n
E uyt = E uf,  (*x)
J J

which holds for conservative schemes. (Why?) Also consider

Z G(u); = Gv);] = Y (Gu);—Gv),)" + Z (G(u)j = G(v);)~

< Z (Uj—”j)++z (vj —uy)*

> Jus—vjl.

J

(This is also called the Crandall-Tartar lemma.)
4: Take vj=wu;4q in 3.

11
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Theorem 10. Solutions to monotone schemes satisfy all entropy conditions.

Proof. We'll prove a particular case, namely
Uu) = fu—c|
for any c€ R. Then

-1 u<e,
vw={;" 5

and U"(u)=26(z —¢) 20.

(Recall that entropy conditions were of the form, “pick an entropy function U”(u) > 0, then
U(u)t+ F(u),=0", where F is the entropy flux

satisfying F'(u) =U"(u) f'(u).)

Here we let
F(u) =sign(u—c)(f(u) = f(c)).

We claim that the cell entropy inequality is true, i.e.

U(U?H)—U(U?)+Fj+1/2—ﬁj—1/2<0
At Az =

where
F=f(evu)— f(cAu).

Observe that we’ve abused notation a bit, i.e.

First step: Try to show

uf —cl=A(Fjs12—Fj_172) = G(cVu)j—GlcAu);.

Now consider:

I G(evu); = (c\/uj)—)\(]i(c\/U)jH/z)—f
I G(cAu); = (CAUj)—)\(Ji(CAU)jJil/2)_f

[-1I. 0<G(cVu)j—GcAu); = |uj—cl=AEFjp12—Fj).

(C\/’U,jfl/Q))
(cAuj-1/2))

Next, note that
c = G(c,...,c) < G(eVu)j,
uitt = G(u");<Glevu)y,

J
nl G(cVu™);,

J

N

=cVu

where the step “* ” is true because if the arguments of G are constant, then only the u} term comes into
play, just yielding back the argument.

Also
— eVt <= Glenum);.
Then
Ui = |uj™ —c|<G(evur);—Glenu);
= |uf —c| = A(Fjr12— Fj-1/2)-
N——
U(u})

Theorem 11. (Godunov) Monotone schemes are at most first-order accurate.
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After this depressing result, we will have to look for different classes of schemes. For example, in order
of decreasing strength:

e Monotone: see above.
e TVD: A scheme is TVD if
TV(u"t) < TV (um).
e Monotonicity-preserving: A scheme is monotonicity-perserving if
{ufr>uj Vit = {ujis > uf V5
Let’s prove that the above is actually in order of decreasing strength, i.e.

Theorem 12. A TVD scheme is monotonicity-preserving.

Proof. Assume uj,; > v’ for all j. If there exists a jg such that untrll < u?jl

. Modify u to be constant
Jo
outside the stencil used to compute u?o"’l and u?otll. But the reversal of the order of these two values

means that the TVD property is violated. O

Later in this class, a theorem by Godunov will show that all the above properties are actually the
same, and thus first-order, and thus useless. :-/

Definition 13. A scheme is called a “linear scheme” if it is linear when applied to a linear PDE:
U+ au, =0,

where a is a constant.

A linear scheme for

ur+u; =0 (5)
can be written as
k
u?“ = Z a(Muf_y,
I=—k

where ¢;(\) are constants which may depend on A= At¢/Az. A linear scheme for (5) is monotone iff
a(N) =0 Vi

This is why they are also called “positive schemes”.
Theorem 14. For linear schemes, monotonicity-preserving = monotone.

Corollary 15. For linear schemes, monotonicity-preserving and TVD schemes are at most first order
accurate.

Proof. (of Theorem 14) If the above linear scheme is monotonicity-perserving, then consider

0 1< —
U; = . = &
1 +1>—a.
This is a monotone function. Then

k
D Wi = ) aMuln
l=—k
k
) wftt = Y aNu)y
l=—k
k
D—: Auj™ = Y a(h)Au),

Il
|
>
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where we note that Aul =1 if m = — «, and zero otherwise.
k
Auftt = Z (N AU j=cq(N) 20,
I=—k

due to the requirement of monotonicty-preserving-ness, meaning all ¢,(A) > 0, such that the scheme is
monotone. O

So, we have
monotonicity-preserving (MP):*>m0n0tone = TVD = MP
where the implication “*” only holds for linear schemes.
For a scheme to be consistent, 7' = 0 if w is a constant solution (where 7' is the local truncation

error). For a scheme to be at least first order accurate, 7' =0 if u is a linear solution of the PDE.
Consider a linear scheme
u;”l = Z au’_g.
1

122 C.
l

Plug a constant in there, and we obtain

Plug a linear term in there, and obtain

JjAz — (n+1)At = Z a((j — 1) Az —nAt)
—At = Ale(—l)cl
Zlcl = A l
1

For a quadratic term, we would get

Z 12¢; = \2.

l

So, now try to derive a contradiction between any two of the above to refute second-order. To that end,
define

a=(ya)——r, b=(/a)i=_
2= |a-b|2£< > l2cl>< > cl) =2
l l

where equality in “*” holds only if a and b are linearly dependent, i.e.

l\/c_l:a Ci,

where « is just some constant independent of [.

and now use Cauchy-Schwarz:

Theorem 16. (Godunov) A linear monotone (TVD) scheme is at most first-order accurate.

2.2 Higher-order TVD Schemes
Consider
Ut + f(u)1 = 07

where we will worry about the computation of the spatial derivative now and about the time derivative
later. Then we can use backward differences

flug) = fluj—1)
Ax
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for first-order accuracy or
flujpr) — fluj—1)
2Ax

S F(ug) =2 (uj 1) + 2 £ (uj-2)
Ax

for second-order accuracy or

for third-order.

2.2.1 General Framework of a Conservative Finite-Volume Scheme

Consider our conventional notation of I = [x;_1/2, 2 41/2], where Az = 2,41/ — x;_1/2. Now integrate
the PDE:

d [Zi+1/2

m udr + f(u(rji1/2) — flu(zj_1/2)) =0
Denote o
| Tjy1/2 d
Th ’U,]—E‘/wjl/2 uaxr.
en

S+ F e 072.0) = [0y,

A finite volume scheme is of the form

d _ 1 A -
Euj+_A:1:j JTiv12— Fj=12 s

where fj +1/2 is the numerical flux. We want
fj+1/2 ~ f(u(@jr1/2,1)).

For the time being, let’s assume f’(u) > 0 and fj+1/2 = f(a;), which is the numerical flux for Godunov,
Roe, Engquist-Osher. See below for the case of unknown sign.

Fit12= f(uj,0541),
where f(T, 1). So, we can try to compute u;, 1/, using the information {u;, w41} as

1) 1

Usi1p = 5(ﬂj+ﬂj+1)7
(2) 3 1
Ujti/2 = §uj—§uj,1,

so that
A1 1 1, _
j(+)1/2 = f(“§'+)1/2)—f<§(uj+uj+1))7
2 (2 2 1, _
fj(+)1/2 = f<“§‘421/2) = f<§(3“j - “j—l))~

The above fluxes are 2nd order accurate, and are called the 2nd order central and upwind flux, respec-
tively. (u(l) is gained from the line connecting the cell centers at the cell averages of I; and I . u? is
the same for I; and I;_1.)

The step from {w;} — {u;11/2} is called reconstruction.

A _ 1, _ _
Py = @ +5@n—ay) |,
2

)
Uy

2 = f(ﬂj+%(ﬁj—ﬂj1)\-

U )



al?

; measures the distance from the cell average u; to u j1+1 /2- Now define

a la|<1bl,ab>0,
minmod(a,b):=1< b [b|<|al,ab>0,
0 ab<0
and set

;= minmod (Y, ).
Then consider

7

j+1/2 = f(ﬂj + ﬁj)'
Lemma 17. (Harten) If a scheme can be written as

1=+ A(Cjpr1/2845 — Dj_1 20 ;)
with Cj+1/2 > 0, Dj+1/2 > 0, 1-— )\(

C;
notation, we have

A+’LLJ' Ujy1— Uy,
A_’U,j = Uj —Uj—-1-
Proof. Write

—n+1
A+uj

Fi
Thus

+172F Djr12)]Acu] + ACjq 37208105+ ADj_1pAuj

|A+ﬂjn71|

5 < Sl

Aja +MCjyzpArufy — Djp1pAqu) —ChprpAqu+ Dy 1A )
— [1-XC,

< [1=MCjrry2+Djr1y2) IALG] |+ AC) 370l A + @ f4 1|+ AD; 12| A

CjrgayelAqal|
Cj

Dj//+1/2‘A+’E§L//‘
+1/2+ Dj+1/2) + )\Cj+1/2 + )\Dj+1/2] |A+ﬂgn|
J
TV ()t

< TV(u}),
which proves the claim.

Next, prove that the scheme we designed above is TVD using Harten’s Lemma. Rewrite
aftt =y = Ay ag) = f(@go 1) = a5 — AL = Dy el o],
with

Dy = LH @) =S4 8m1) _ g

U; —Uj—1 (

aa)

)ﬂj—ﬂj—1+uj—uj—1

Uj—Uj—1

I
s
—
™"
N~—
—
—
+
I
S
<
14

Thus our scheme is TVD.

We also get a condition for the CFL number.

3
D;_1/2<3/2f'(§) < 5max L&)l
which comes from
3
1=AD; 12> 1 - Shmax|£(€)] 20| Amax| f/(€)| < 2.
If we use a 2nd order Runge-Kutta method like
a® = L(am),
ﬁn-i-l 1

§(11”+L(a<1>)),

SECTION 2

12+ Djtp12) =20 and A= At/Ax, then it is TVD. As a matter of
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then
V(@) < TV(am)
TV < STV + 2 TV(LE W)
< STV@") +5TV(E®)
< %TV(&")+% V(a™)
= TV(am)

The scheme treated here is called MUSCL (“monotone upstream scheme for conservation laws”).
Homework #3:

1. Prove: Conservative montone schemes are at most first order accurate.
2. Prove: For every convex entropy
U’(u) =20

and a conservative monotone scheme, there exists a consistent (F(u, ey W) = F(u)) entropy flux

Fj 12 such that the following cell entropy inequality holds

Uuj*h) —U(uf) +Fj+1/2—ﬁj—1/2 <0
At Az =
where
U?+1:U?—)\(fj+1/2—J?jfl/z):H(u?—pv'“vu;‘z-i-q)'
T T

(We proved this for U(u) =|u—c|.)
3. Code:
e (£),
u(z,0)=1+ ésin(:z:)
on 0<z <27 to (i) t=1.0 and (ii) ¢ =3.0. Use a uniform grid with N =20, 40, 80, 160, 320. Use
i. First order Godunov (upwinding)
ii. 2nd order central (7))
iii. 2nd order upwind (i (?)
iv. MUSCL (minmod)
For (i): tables of L' errors and orders. For (ii): Figures for N = 40.

2.2.2 Generalized MUSCL Scheme
We are still considering
Ut + f(u)1 = 07

with a scheme of the form

APt =l = A (i geuf10) = Fug_ 1w 0,

where f (7, 1) is a monotone flux. Before we can seriously start considering the above scheme, we need to
specify the reconstruction step, which achieves the mapping

(i} {0}

Procedure:
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From {u;}, we obtain the reconstructed functions P;(x) defined on I = (x;_1/2,2;11/2) and
then take uj ;o= P;j(z;11/2), u}‘H/Q:PjH(IjH/Q). Conditions on P;:

. (z)dz =y,

Aw fIJ
. H f1'+z Pj(x)dxz =1u;4, for some set of I+ 0. (accuracy)

3rd order reconstruction formulas:

1 1_ 7 11
U§£1/2 = guj72 6 J*1+ 6 U’J7
2 1_ 5_  1_
“5‘421/2 = Tt gl T gt
3 1 5_ 1_
“511/2 = Uit it~ gli+e

We could then choose
U = u(z) qu = u(g)
J+1/27 Ti+1/2 J+1/27 Ti+1/2
and once more obtain a linear scheme, which is third order accurate and, by Godunov’s theorem, should
be oscillatory. Now define

Uj = Ujyq/9— Uj,
= ¥ _
Ujr1 = Ujpy/ot Ui,
or equivalently
Ujt1/2 = Uj+ Uy,
+ I =
Ujpr/2 = Wi+l — Ujsl.

Then, remember our previous modification of the reconstruction and do something analogous:

smod __ : ST a7 i
¢ = minmod(d;, 41— Uj, Uj — Uj_1),
“mod . s _ _
uj = minmod(d;, j41 —Uj, Uj —Uj—1)

and with that

—,mod __ mod
u]+1/2 = u]—i—u

+mod = ~mod
Ujtryz = Uj—Uj+l-

To show that this modification does not destroy much accuracy and is in fact TVD, consider
P ¢/ —,mod : ymedy L7 yHmedy _ fe —mod |+ mod
ug _ujn_)‘[f(ujJrT;Q’ J+172) f(u 3+T/2a j nf?z)"‘f( J+1/27 3:11]72) f(uj:i]725 37111]?2)]

@) )

where these terms correspond to the marked terms in the assumption of Harten’s lemma:

Uj1=1;+ /\<Cj+1/2A+ﬂj - Djl/zﬁﬂj)
2) )

7/ —,mod +,mod 7/ —,mod +,mod
f(uj+1/27uj71/2) - f(uj71/27u3;1/2)

Uj —’UJj,1

Now consider

Dj 10 =

— ~mod ~mod
uj—|—uj —ujfl—uj 1

Fi(e utmed) _

’U,J'—UJ,1

~mod ~mod
_  3(¢ ,+mod [ U Uiy ]
= fl(fauj_1/2) ’ 1+—__—_ e — . ’
\‘ Uy Uj—1 U4 ’UJJ1J

SO (o,
>0 (monotonicity) o<1 0<7<1
0<'<2

WV
o
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Claim:
In smooth and monotone regions the scheme maintains its original high order accuracy.
Consider the following Taylor expansions:
Uipre = u(@jpr2) +O(Az"), r>2

u(:bj)—i—um(:tj)%—i—O(A;ﬁ).
_ 1
a; = E/IJ u(z)dz

)2
- L/ [“@j)+um<:c—:vj)+um,m(:”—:””)+0<m3) dz
Az Jp,

2
= u(z;)+O(Az?).
Uj = Uji1/2— Uy
= %-FO(A:EQ).
Ujp1—u; = u(@j1) —u(z;) + O(Az?)
= Az +O(Az?)
Uj—Uj—1 = Az + O(Az?).

Observe that the second and third arguments of the minmod function—it is about half as big as the first
one. The monotonicity assumption above has the consequence that we may neglect the second-order
terms in favor of the first-order one.

Theorem 18. (Osher) TVD schemes are at most first-order accurate near smooth extrema.

A simple argument by Harten shows something similar. Why are we restricted near smooth extrema?
Suppose we are considering us + u, = 0.

/ Consider what TVD means here:

/ At most first order!

Az?

initial condition

\

exact solution after At

Figure 4. Why TVD schemes don’t do so well near smooth extrema.

What routes can we take out of this dilemma? Relax TVD: Only demand TVB.
TV(a"t) < (1+CAH)TV(am)
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or
TV(a"t1) <TV(an™)+ CAL.
Both have the consequence that
TV(an)<C(T)
for nAt < T. TVD/TVB is also an important theoretical property: The space of all TVB functions is pre-
compact, which has important consequences for convergence results.
This leads us to using a modified minmod function (min-mod-mod? min-mod?? :-) Replace
minmod(ﬂj, ’leJrl — ’le, ’le — ﬁjfl)
by
minmod(ﬂj, ’leJrl — ’le, ’le — ﬂjfl)
with
e < 2
minmod(a, b, c):=1{ ¢ o] < MAw
m(a,b,c) otherwise.

We get the following properties:

e The scheme is TVB:
TV(a"t) < TV(a"t) +CM Ax?> N <TV(a™) + CAt
where N is the total number of cells.
e The scheme maintains its high-order accuracy in smooth regions including at local extrema.

iy = uala)) 58 + O(Aa?) = O(Aa?)
near smooth extrema. The choice of M represents a tradeoff between oscillation and accuracy. One

. . . 2
analysis of DG was carried out using M = §|umm| at extrema.

Discussion of HW#3, Problem 2: Here’s how to show the CEI in the semidiscrete case. Let f(7, ]) and
U"(u) >0, and

Integration by parts '

Fu) = / "0 £ )™ Y P ) () — / U ) ().

du; 1712 R
d_tj+m[f(uj’uj+1)z_f(ujflvuj)} =0
Then
dU (u; 1 A R
%—i_EUI(uj)[f(uj?uj-kl)_f(uj—l,u_j)} = 0.
Define
~ N uj
Fj+1/2:U/(Uj)f(Ujvuj+1)—/ U (u) f(u)du.
Then
dU (uy) 1714 A 1
dtJ +E[Fj+1/2_Fj—l/2}+ 7,9 =0
Then junky” :)

uj

U () f (w)du — U (ug) F (g1, ) + Uty 1) F (51, 05) — / U ) f(w)du

U"(u) f(w)du — (U’ (uj) — U’(uj,l)f(uj,l, uj)

\
T

wi

U fadu= [ U@ (;-,0)

Uj—1

U ()| f(w) = (w5 -1,u5) | du > 0.
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Then

1. Uj—1<Uj. Uj—1 <uj

Flu) = fluj—1,ug) = F(u,u) = fuj_1,uy)...

...and then he cleaned the blackboard.
(End of HW discussion)

2.3 Essentially Non-Oscillatory Schemes
This scheme goes back to the idea of the MUSCL scheme,
_ _ 1. _ o
Ujp1y2 ¢ U+ GmInmod (w1 — U, Uy — Uj—1).
Ny
N g

Recap: Newton interpolation. Suppose we have n points z; with values y;. Look for polynomial of degree
n — 1 such that p(z;) = y;. First review Lagrange polynomials and Lagrange interpolation (I;(z; = d; ;).
(omitted) Next up, Newton interpolation:

yle] = yi
0 Ylwie] —yled
y[xzuxz-i-l] — Tit1—
YlTit1, Tivo] — ylri, vit1]

y[$ia$i+1a$i+2] = xi+2_xi
Then
p(z) = y[wo] + ylzo, 21](* — T0) + Y[T0, T1, T2| (T — T0) (T — 21) + Y[T0, T1, T2, T3] (T — T0) (¥ — 1) (T — T2).

But we are doing reconstruction, not interpolation. How can we convert reconstruction to interpolation?
Consider that we'’re looking for a p(z) such that

1 Tj+1/2 B ]
E/m 2 p(x)=u; forj=1,2,..m.
Then define
P@= [ pea
and observe T1/2
zj+1/2 J Tiy1)2 .
P(‘TjJrl/?):/ p(f)d§:Z/ Axa; j=0,...,m.
T1/2 1=1 YTi—1/2

So how do we implement this? (Aargh, Fortran.) This algorithm works only for a uniform mesh:
1. Given the cell averages ug, U1, Uz, ... as ub(0) ,ub(1),...

2. Compute the un-divided differences of .
do i=1,n
u(i,0)=ub(1)
enddo
do 1=1,m
do i =1,n-1
u(i,l)=u(i+1,1-1)-u(i,1-1)
enddo
enddo

3. At each location j+1/2, to compute u 5, do

a. Find the origin is(j) of the ENO stencil
is(j)=j
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do 1=1,m
if (abs( u(is(j)-1,1) ) .1t. abs( u(is(j),1) ) ) is(j) = is(j)-1
enddo
b.
is(j)+m
un(§) = Y c@-is(§),j-is(j-1))ub(1)
Hl_/; 1=is(j)

(consider that 1-is(j),j-is(j) €{0,...,m}).

2.4 Weighted ENO Schemes

Aside: Why is an interpolation polynomial monotone in the cell containing the discontinuity of a jump
function? Suppose we’re using 6 points, with the discontinuity in the middle cell. Then the polynomial is
of degree five. The mean value theorem tells us that the derivative has zeros in the cells away from the
discontinuity, of which there are four. But the derivative is of degree four, so it can at most have four
zeros: Nice! There isn’t one in the middle cell! (End aside)

Idea: Don’t choose stencils like ENO, use a weighted sum.

Do it like this:

uj_H/Q = wluglllm + w2u§2_21/2 + wguﬁzlm + -,

E-ZJ)rl /o are the higher-order linear reconstructions above. The goal is to
choose the weights such that a higher order than just with ugzj_l /2 is achieved, if the desired smoothness is

where wy + wo + w3+ --- =1 and u

available. Choose «a; such that the linear combination of smaller stencils adds up to a high-order stencil.
e w;=a;+ O(Az?) in smooth regions
e If the stencil S; contains a discontinuity, then we would like to have w; = O(Ax?).

We define a “smoothness indicator”, 8; to measure the smoothness of the function in stencil s;.

W = ——— §=1,2,3..., £=10"6,

S T
Shu’s graduate student Jiang derived these smoothness indicators:
Bi= AxQ/ [(P'(z)?+ Az?(P"(z)?)?|dx.
I
Homework:

e Code for Burgers’:

Give same output as before

o 3rd order linear using u
Ujprz + Uj—15Ujs U1,
u;'r+1/2 DoUG,Ujq1, Ujgo

o 3rd order TVD

o 3rd order TVB (M =5)

o 3rd order ENO

o 5th order ENO

o 5th order WENO
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Use 3rd order Runge-Kutta. (Might need to reduce At to see the 5th order accuracy.)
(Remember to initialize with and compare to cell averages of IC and exact solution!)

2.5 Finite Difference Methods
We are still considering
ue+ f(u)e =0,
which we hope to approximate by
%+é(fj+1/2 - fj71/2) =0
using
Fiorjp= T W5 prsujig)-

Our requirements are

2.5.1 Accuracy

Accuracy means

(fj+1/2 - fj—1/2) = f(u)m|m:mj +O(Az").
Lemma 19. (ENO paper by Shu, Osher) If there is a function h(zx) (which depends on Azx) s.t.

z+Ax/2
fl) =5 [ b

—Az/2

f(u)zziw[h(ﬁ%) —h(x—%)}.

All that’s needed to obtain a higher-order scheme is now to approximate the function h to a certain
degree of accuracy.

then

we want

{uj}given:>{f(uj)}givené{ﬁj}given = {hjt1/2},

reconstruction
Then

z;+Ax/2 B
fu) =t =5 [ HdE=hy

j—Ax/2
2.5.2 Stability
For the moment, assume f'(u) > 0.

1. TVD Schemes:

a. Use an upwind-biased stencil to compute fj+1/2, e.g.

{f(uj—1), fluz), fluje1)} = Fig1pe-
b. limit f; 10— f(u;)=df;"

dff oY = minmod(d £}, f(ujs1) — f(uy), f(uz) — fluj—1)).
Then

7 (mod mod
ST = flug) +d oD,

Then use Harten’s Lemma to prove TVD’ness. We only have the term D;_;/5 since we have a unique
wind direction by assumption, in

up Tt =wl = N = Cjpaya(ulfir — uf) + Doy ya(ulf —uf_1).
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By brute force, we have

Flug) +df oY = flujoy) —af e

Di-yz = Uj—uj—1
_ flug) = flugon) +d Y —a ey
uj—uj,l
+ (mod + (mod
f(uj)_f(uj—l){l_’_ df]( ) _ dfj_(l ) -|
Uj—Uuj—1 flug) = fluj—1)  flug) = fluj—1)
1'(€) 0<*<1 0<*<1

with
0 < Dj*l/? < 2max |f/(’LL)|

In order to lift the condition on the wind direction (f’(u) > 0), we need to consider only a subclass of
montone fluxes, namely those characterized by flux splitting:

fluut) = fHu)+ f~(uh),

where
o flu)=fT(u)+ f(u)
df*(u) df(u)
* du >0, du <0.

One such example is Lax-Friedrichs: f*(u)= %(f(u) + au), where = max, | f'(u)|.
e Then use the previous (single-wind-direction) procedure w/ f¥(u) instead of f(u).
e The mirror-symetric (w.r.t. j+ 1/2) procedure with f~(u) instead of f*(u).
e Thus we obtain fjH/Q.

Summary of FV versus FD:

FV FD
- 1 ;
=g [ ) uj=u(z;,1)
reconstruction {;} — {u;+1/2} reconstruction { f*(u;)} — {fjji_l/g}
numerical flux f(u;+1,u;r+l) numerical flux fjJrl/Q: f;fH/Q—F fjH/Q
any f(1,1) splittable monotone flux f(u=,ut) = f+(u~)+ f~(uh)
Az arbitrary (meshing unrestricted) | Az uniform or smoothly mappable to uniform
not much physics in the derivation

3 Two Space Dimensions

Now consider
up+ f(u)e+ g(u)y =0.

The good news are:
e Theoretical properties of weak solutions, entropy solutions etc. are the same as in 1D.

e All properties of monotone schmes (TVD, entropy condition, Li-contraction, ...) are still valid in
2D.

Theorem 20. (Goodman & LeVeque) In 2D, TVD schemes are at most first order accurate.

Proof. (Very rough idea) Many things can happen in 2D:
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Low Total Variation High TV

O

“TVD” Schemes in the literature for nD means schemes which are TVD in 1D and are generalized to
2D in a dimension by dimension fashion, like this:
du; 1 /3 A
G Has(Fre=fian) =0
with fj4 170 —{f(u;-1), f(uy), f(u;s1)}
becomes

dui; 1 (% . 1/ ;
dtj'i‘ﬂ(fi-'rl/zj_fi—l/2,j)+?y(fi,j+l/2_fi,j—1/2) =0

with fi 12— {f(wio1), fui ), fuiv)}-

They really are not TVD in more than one dimension.
One good property we have in more than one dimension is a mazimum principle: Given a scheme in
Harten form, i.e.

uiy =uiy = X[ = Cigryzg(uityr; — ) + Dicayoj(uf j — wizn,j)]
= My[ = Cigraye(ui jrn —uilj) + Ds jo1y2(ufl j — ui j—1)]

with
Civi1/2,5:Di—1/2,5:1 = Ae[Cig1y2,5+ Dit1/2,5] = 0,
Cijr12:Dij—1/2,1 = N[Ci i1+ Di jrre] = 0,
we can proceed as follows:
u?}Ll = [1 - Ain+1/2,j_/\mDi71/2,j - Ain,jJrl/Q - /\yDi,j71/2]u?,j
>0
+ AeCig1yo, Uity 1,5+ AaDi—1/2, jui—1
pe) <o
+AyCij1/2ui jo1+ AyDi 120 -1
——
>0 >0

Thus

min (stencil) < uf';l < max (stencil)

because it is a convex combination of the values in the stencil.

3.1 FV methods in 2D
Next, let’s consider F'V methods in 2D. Let

~ 1 Yj+1/2 Tit1/2
Ui,j:m/ /z u(z,y,t)drdy,

Yj—1/2 i—1/2
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where we note that

~ is the cell-averaging operator in y,

~ is the cell-averaging operator in x.

Next,
- w)pda dy
AIAy Yji—1/2 Ti_1/2
. 1 Yj+1/2 . t) d
a AzAy Yj—1/2 f<u<$z+1/27y’ ) f(U($1,1/27y, )dy.
Thus
d - 1 1 "Yit1/2 1 Yjt1/2
@i T AL A_y/y f (U(Ii+1/25y7t))dy_A_/v [ (u(zi—1/2,y,t)dy
i-1/2 Yji—1/2
1 1 Ti41/2
+A_y _EL ) fu(z,yj-1/2,t))dz | = 0.
i—1/2
The equality (*) below is what breaks when we switch to a nonlinear equation.
FV Scheme:
d - 1 . 1 A
dt 1J+A |:fz+1/2] fi71/27j:|+A—y[ _gi,jfl/Z}:O-

3.1.1 The Linear Case
Let’s consider a simple case to start:
Utaug+buy,=0 = flu)y=au, glu)=bu.

In this case, we only have to perform 2 reconstructions per point, so that

d - 1 ’V 1 Yji+1/2 1 Yi+1/2
it A Ay/ f(u(xi+l/27yat))dy_A_/y fu(@io1y2, y,1))dy

—1/2 ji—1/2

Ax
: - ) pf
fi+1/2,j—aui+1/2,j—f(ui+1/2,j) i

1 IV 1 Tit1/2 T
+A_y[ T Az Jfu(z,y;-1/2,t))dz | = 0.

Ti—1/2

3.1.2 The Nonlinear Case

In general, if f(u) and g(u) are nonlinear, then we have to perform one reconstructions for each point of
the stencil, i.e. many times along one cut line through the stencil.

1D rec num.int.
{uz+1/2 J} - {uz+1/2 J+1Uk}—) {f(uz+1/2 J+wk>} I {fz+1/2 g}
1D rec
/!
{ui;}
1D rec
N

1D rec num.int.

{Uz g+1/2} I {Uzﬂ;k j+1/2}—){f(uz+wk J+1/2)} I {fl,]+1/2}

Remark 21. These considerations only matter if we are interested in order of accuracy three or greater.
If we are concerned with only second order accuracy, then

i, =u(zs, y;) + O(Az? Ay?)

is all we need.
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3.2 Finite Difference Methods
We are still considering
up + f(u)s+ g(u)y =0,
but we switch the focus of our approximation to actual point values:
wi, g =u(x, y;,t)
to get the discretized conservation law

dui; 1 [ . 1. A
TJ‘FE{fiJrl/Zj_fifl/Q,j}+A_y[gi,j+1/2_gi,j71/2}-
We need

17 .
E{fi-{-l/zj - fi—1/2,j} = f(Wale=z,,y=y, + O(AZ", Ay")

for accuracy. This is identical to the 1D routine with fixed j.

4 Systems of Conservation Laws
ur+ f(u),=0
wu is a vector, and so is f. For the moment, x is still only 1-dimensional.

Example 22. Compressible flow:

2

p pv
U= pv ) f(u): Pv+p )
E v(E+ p)

where p is density, v is velocity, F is total energy and p is pressure. For a ~v-law gas, for example, we
could have the constitutive relationship

__ b l 2
E——7_1+2pv .
E.g. for air y=14.

(Now, drop the bold-for-vector notation.)

4.1 A First Attempt: Generalize Methods from AM255

Example 23. (From 255) If f(u)= Au, then we have the equation
u+ Ay =0 (6)
If A has only real eigenvalues and a complete set of eigenvectors, then (6) is called hypberbolic. Consider
Ari=Airi,
so that
AR=Rdiag(\1,...,; \n),

where R has the vectors r; in its columns. Then we obtain
R 'AR=A.

The rows I; of R~! are called the left eigenvectors of A, with [;A = \;l; with lirj=46; ;.
Now, perform a change of variables, namely v= R~ lu, so that

v+ Av, =0. (7)
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The goal for the nonlinear case is to take the lessons from the linear case, but rewrite the scheme (7) so
that it only acts on w. If all the eigenvalues are positive, then we can rewrite the upwind scheme (now
reinstating bold-face-for-vector, with index for = location)

d'UJ +—A[ 'Ujfl] -0

d Ax
u
dtJ+A_RAR [R’Uj—R’Uj_l] =0
uj
de 1 .
@T“’-EA['LLJ 'Uljfl] = O

If we do not have the above eigenvalue condition, then we need a good way to write the resulting system
concisely. Why not start with some notation...
gt a=0, — 0 otherwise
0 otherwise, " la a<0 ‘

Thus |a| = a™ — a~ and a = a™ + a~. This notation has natural generalizations to matrices and vectors.
We obtain the following scheme in v:

d
dq;t“r—{/\+ i—vi—] +AT[vj v} = 0
d 1
;J+E{RA+R_ [Uj—Uj_1]+RA_R_1[Uj+1—Uj]} = 0.
At:= A" =

Note the slightly ambiguous notation here-A™ is not the positive part of A in the above sense, even
though A= A™T+ A~ still holds.

4.2 How to Generalize Scalar Higher-Order Schemes to Systems
We are still considering
u + Auy,=0.
1. Find the eigenvalues of A, hence A
Also find the eigenvectors of A, hence R and R~1.
2. At each point that we need to compute a flux or a reconstruction, say at ;1 /2, do the following
a. vi=R lu; (i=j—p,...i+q)
b. Use the scalar subroutine to each component of v to obtain a reconstruction v;1/s.
C. Ujy1/2=Rvj 1)

Now, why should we do this transformation instead of just applying the scalar subroutine to u? Consider
this example:

(v1)e+ (v1)e = 0,
(’Ug)t-i-(’l)z)m = 0.

Any combination of w is bound to develop two shocks, travelling at different speeds. If however we calcu-
late v, then we retain the two nicely separated shocks. To drive home the point, ENO always counts on
the fact that it can find a stencil near a shock where the function is smooth. For a point “trapped”
between two shocks, this assumption is violated, and we will lose something.

Also note that this procedure only makes sense if you are doing something nonlinear in step 2b.

Next, note that if our discussion is targetted at generalizing to nonlinear conservation laws. Conse-
quently, it is really pointless to actually carry out steps 2a and 2c each time unless the matrix A is actu-
ally changing as it will be.

Note 24. “Theorem’: All results about stability and convergence carry over to the case of linear sys-
tems if the numerical schemes use the above the “characteristic” procedure.
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4.3 The Nonlinear Case
If we consider the equation
ur+ f(u) =0,
then
e There is essentially no theory.

e The numerical procedure is essentially identical to that for the linear system case performed in
(local) characteristic fields.

Additional Homework: (This+HW4 due Nov 29)
1. Add third order finite difference version to HW4.

[one class’s worth of material is missing here. It is available as a separate PDF file called 257-missed-
class.pdf courtesy of Ishani Roy.|
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5 The Discontinuous Galerkin Method
Ut + f(u);v =

To begin a FV discretization, we rewrite this as

1 [Tit+1/2
E/ (ug+ f(u)g)dz =0,

. . j—1/2
which results in:

du 1
—tj +_Ax _(f(uj+1/2) - f(uj—1/2)) =0
j
FV in its full glory is
d’LL 1 o o +
dtJ+A J(f( J+1/20 ]+1/2) flu ]—1/25“3‘—1/2))7

where, to make this a scheme, we need a monotone flux f (u™, uT), which needs to satisfy the following
criteria:

o J(1,)
o flu,u)=u,
e Lipschitz continuous.

For DG, we do something different. We multiply the PDE by a “test function” v, then integrate the result
over the interval (x;_1/2,2;11/2)

/IHI/2 (ug+ f(u)g)vde=0.

j—1/2

Now consider u and v both from a finite-dimensional function space Vj,, where h = max (41,2, ©j—1/2)-
The space is then given by

Vi={w:wlz; € Pk(lj)},

where I; = (j_1/2, j41/2) and Pk(I;) is a collection of polynomials of degree < k on cell I;. We observe
dim V=N - (k+1). Then perform integration by parts and write

Tjt+1/2 Tj+1/2
/ Utv—/ fu)ve dz + f(ujp1/2)vip1/2 — f(uj—1/2)vj-1/2=0.

j—1/2 j—1/2

To make this into a scheme: find u € V), such that

/ utvdx—/ f(u)vzdfl?+f(uj+1/2)vj+1/2—f(uj—1/2)vj—1/2:0
I, I;
J J 3{

is true for any test function v € V. But the term marked “?” is meaningless, since the functions are
double-valued at the spots in question. To motivate a meaning for the term, consider the following: If we

take the test function
o 1 z€ Ij,
"1 0 elsewhere,

/Utd$+f(uj+1/2)vj+1/2—f(uj—1/2) vj_12 = 0
1;

we recover

from left from right

/utd$+f(uj+1/2)—f(uj—1/2) = 0,

I;

which is exactly reminiscent of the F'V scheme, motivating the equality

Fujyrse) = Fluj_rje) = Fuiyayoudiage) = F U5 qymul_ )
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and thus the scheme

/Ij uw dr — /Ij f(u)vgdr + f(u;+1/2,uj+1/2)v;+1/2 - J?(uj_q/zvu;ll/z)”;tl/z:0-
Pick a basis for Vj,:
Vi={o":1<j <N, 0<I<k}.
For example, we could take
@) = 11,(@),
@) = (o =)L),
#P@) = (o =) (),

5

then
Z u(l) r el
=1

Now take v = <p(<m)(x), m=0,1,...,] and put that into our scheme

Tj4+1/2 k
/ / (Zu?(t)so;”(x))w§m><x>dx

ji—1/2

Lavase YRS d (m)
[T 0@ e @

Ji— 1/2

k
+f< Z u( (1) ‘PJ (j+1/2); Z u; %+1 (Tj41/2) <P§m)($j+1/2)
1 1=0

k
- f( Wl ()W (21 )y ul(t %—1/2)><P§-m)($j—1/2) = 0.
=0

N
O

Working with that yields
k
d Tjy1/2 m
> g [ @ @
1=0 Tj-1/2
(k+1)><(kv+1) matrix
+ F(uj-1(t),u;(t), uj+1(t) = 0,

where

If the matrix above (also called the local mass matriz) is, we can rewrite the scheme as
LI .
> W)+ F(uj-1(t), uj(t), w1 (1)) =0,
1=0

which, if F' is locally Lipschitz (which it is), gives a well-defined scheme. If we have a linear PDE f(u) =
Awu, where A= A(z,t), then the scheme becomes

du;(?)
dt

where the three matrices B;j_1, Cj, D11 (each of size (k+ 1) x (k+1)) do not depend on .

+[Bj-1uj—1+Cjui(t) + Djp1u;1(t)] =0,
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5.1 Some Theoretical Properties of the Scheme

This scheme satisfies the cell entropy inequality for the square entropy U(u) = u?/2. Recall the general
entropy inequality, where for an entropy U satisfying U”(u) > 0 and a matching flux

we have

in some weak sense.

Proof. Take v=w in the scheme:

/1 utudI—/ f(u)uzdx+fj+1/2u;+l/2—fj_1/2u;ll/2 =0
; .

) IJ gzu)m
d U

E(/7dx>_g(”§+l/2>+9(“?1/2)+fj+1/2“?+1/2—fa‘1/2“?1/2 =0

a( [ . . B . B .
E</7d$)+Fj+1/2_Fj—l/2+[_g(uj1/2)+fj—1/2uj1/2+g(u;_1/2)_fj—1/2u;_1/2 =0

©j-1/2

where we have taken
W= [ swde. g =f
and
FJ+1/2_ —9(ujiq)) + fj+1/2u]+1/27

where we observe that F' is consistent, i.e.

F(u,u) g(u) + f(u)u

E/uf<>
o [ wds) = /f

g(u
F' = — flw)+ f(wu+ f(u) = f'(u)u.
We would like to show ©;_1,22> 0 to prove the cell entropy inequality, i.e. the term above <0.
0 = —g(u )+ fu,ut)u +g(ut) - flum,ut)ut

= g(u®) —g(u ) flu ut) ('t —u)
OO —u) - )t - u)
= (u"—u” )(f(&) fu= u™))
= (u"—u” )(f(&é)—f(u ;ut)).

After a simple case distinction on v~ < S u™ and using f(T, 1), we find © > 0. O



